Abstract. Sufficient conditions on the stress relaxation modulus in a viscoelastic material are given in order for initially short mechanical pulses in the material to remain unimodal.
The question to be studied in this paper is under what conditions on the function a does it follows that v{ -, x) is unimodal. A probability measure k is said to be unimodal if there exists a point t0 such that k((-oo,/]) is convex on (-00, *0] and is concave on [£0, 00). Thus K(dt) = k(t)dt + k05t (dt) where k is nondecreasing on (-00, tQ) and nonincreasing on (t0, 00) and kQ > 0. Here 8r denotes the unit point mass at t, i.e., the measure defined by dx(E) = 1 if r e E and SZ(E) -0 if r £ E for every Borel set E c E. It is clear that the restriction to probability measures in the definition of unimodality is not essential.
A probability measure is said to be strongly unimodal if it is unimodal and the convolution of this measure and an arbitrary unimodal probability measure is again unimodal. In [3] it is shown that k is a strongly unimodal probability distribution with support not contained in a single point if and only if K(dt) = k(t)dt where log(k) is concave. Unfortunately there is no hope that v{ -, x) would be strongly unimodal in general, because in the case where a = 0 and a0 > 0 we have v{iit, x) --A e x/{4a"ndt,
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and the logarithm of this function is not concave. If a0 -0 and a(t) = ax , then v(dt, x) = 5 , /5_(dt), and this measure is, of course, strongly unimodal.
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In [4] experimental results on pulse propagation along rods of different polymers are presented. It is observed that the pulses, although decreasing in amplitude and broadening in width, otherwise preserve their unimodal shapes and also that the shapes for different materials can be brought into congruence by a simple scaling operation. This suggests, as further elaborated in [5] , that the stress relaxation modulus is of so-called power law form, i.e., a(t) = ct~a with a e [0, 1) and a0 = 0 (unless a = 1).
In [1] equation (1) with kernel a(t) = ct~a and xel is studied, but there the emphasis is on the behaviour with respect to the x-variable for each fixed t and it is proved that the fundamental solution, which is not identical with v defined above, is unimodal with respect to the x-variable on each half-axis. where // is a finite positive measure on [0,1) with aQ + //([0, 1)) > 0, and let v be the fundamental solution of equation (1) . Then there exists a constant y > 0.823 such that if the support of the measure n + a08{ is contained in an interval of length at most 7 , then i>( ■ , x) is a unimodal probability measure for each x > 0 . The (quite limited) numerical evidence available to me suggests that the assertion of Theorem 1 is true in the case where y = 1 as well, but I have not been able to prove this result. It is, however, relatively easy to show that if the support of H + a0Sl is contained in at most two points in [0, 1], then the claim holds.
It is not clear what are necessary conditions on the kernel a for u( -, x) to be unimodal. One can, however, show that it does not suffice to assume that a is completely monotone, i.e., (-1 )ja^\t) > 0 for all 7 = 0,1,2,... and t > 0.
Proposition 2. The assumptions that a0 > 0 and that a e £['0C(R+ ; ®) is completely monotone on (0, oo) do not imply that the fundamental solution v of equation (1) is such that v( • , x) is unimodal for each x > 0. Proofof Theorem 1. Let G(dt) = a0S(dt)+a(t) dt. It is clear from the assumptions that if we let ji(l) = a0, then denotes Laplace transform)
Taking Laplace transforms of both sides of equation (1) and solving the resulting differential equation, we easily see that i>{z, x) -e xz<p(-z\ x>0, where q>(z) = ' * zG{z)
It follows from Theorem 5.2.6 in [2] that (p{z) = k(z) where k is a locally integrate, completely monotone function. Since all probability distributions that are self-decomposable, or equivalently, belong to the class L, are unimodal (see [9] and [10] ), it suffices to show that 0(z, x) is the Laplace transform of such a distribution, and this, in turn, is equivalent to the fact that the function 11-> t\k'(t)\ is nonincreasing on (0, oo).
(We shall, in fact, prove a stronger result, namely that the function t ^ t\k'(t)| is completely monotone.) Since k is locally integrable and completely monotone, it can be written in the 
J(0,oo) (a -X) + e
We let / J\ o ina a , j x r\ e a n(da) = r(a)e , a > 0, '[0,1] and since we can assume that the support of n is not contained in {0,1} (in this case it is easy to see that (1) holds), we deduce that Now an integration by parts shows that a sufficient (but not a necessary condition)
for (2) to hold is that the function a ■-> ---sin ( is nondecreasing on (0, oo).
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In order to prove that (5) holds, we shall first prove that the function </> is nondecreasing. If t > 0, then we get from an integration by parts that 
then it follows from an application of Holder's inequality that
If we insert this result into (7), then we see that g(o) > 0, which is what we need. By the same argument used above, we have
Now we assume that a0 and ax are such that (a -a0)|cos(7ra)| < 2yj2 -aQ\/2 -a sin(7io:), a e [1/2, a,],
and we use Holder's inequality to get
If we combine this inequality with (9), then we get the desired inequality g{cr) > 0.
It is easy to see that if (8) holds with a = a0 or (10) holds with a = a, , then at least one of these inequalities holds for all values of a in [a0, a,]. In the extreme cases, one of these inequalities becomes an equality. Thus we see that we can take y to be at least the distance from the line a0 = ax in the (aQ, a^-plane to the curve given by (<*i -«0) = --Qj max{ tan(7ro;0), |tan(^aj)|} (11) in the region where 0 < a0 < 1/2 < a, < 1 . Using the implicit function theorem one sees that (11) determines a, as a function of q0 , and when a0 < 1 -a, we have 1 + VL^. tan(^a, This gives a contradiction and shows that v{ -, 1) cannot be unimodal. Note also that since the set of unimodal distributions is closed under weak convergence, and since a sequence of probability measures converges weakly to another probability measure if the Fourier transforms converge pointwise, it follows that the counterexample given above does not depend on a being continuous, or on having any number of continuous derivatives at zero. It does not depend on lim^^ a(t) being positive either.
